A construction described by the current author in 2017 uses two linear prototype graphs to build a compound graph with Ramsey properties inherited from the prototypes. This paper describes a generalisation of that construction which has produced improved lower bounds in many cases for multicolour Ramsey numbers. The resulting graphs are linear, as before, and under certain specific conditions set out here, they can be cyclic.
Introduction
This paper addresses the properties of undirected loopless graphs with edge colourings in an arbitrary number of colours, and the corresponding multicolour classical Ramsey numbers. Notation is defined in section 2.
The construction described in [4] allows the creation of Ramsey graphs with specific properties by combining the distance sets of two linear prototypes. We may refer to these generically as 'compound graphs'. Section 3 of this paper describes a generalisation of that construction which produces superior lower bounds. The resulting graphs are linear, and under certain specified conditions they are cyclic.
The mechanism of the construction again involves two prototype graphs. However, the first prototype must contain a triangle-free template (or 'tf-template') with the specific properties set out below.
The colouring of the first prototype, apart from the template colour, repeats in the compound graph. The repetition is effectively unlimited, with a period one less than the order of that prototype. The clique numbers in these colours in the compound graph may exceed those in the first prototype: although we show below that in some interesting cases they can be made equal by careful search and selection.
The repeating image of the template is used to define the pattern of colours derived from the second prototype. The clique numbers of the compound graphs, in the colours derived from the second prototype, are necessarily identical to those of that prototype.
It is proved that in such cases, by testing a limited subset of the possible subgraphs using only colours derived from the first prototype, it is possible to evaluate the relevant clique numbers for the entire graph. This property radically limits the computing resources needed for establishing lower bounds using this method.
Section 4 records some selected computational results. These establish improved lower bounds for a range of graphs, including R 4 (5) and R 5 (5), R 3 (6) and R 4 (6), and R 4 (7), and R 3 (9).
In section 5, the key Tables from [4] are updated to reflect these improved results, and relevant limiting 'growth factors' are calculated.
Section 6 draws some conclusions from this work.
Notation
In this paper, K n denotes the complete graph with order n.
If U denotes a complete graph with m vertices {u 0 , . . ., u m−1 }, then:
A (q-)colouring of U is a mapping of the edges (u i , u j ) of U into the set of integers s where 1 ≤ s ≤ q.
The length of the edge (u i , u j ) is defined as | j − i |. A length is often referred to as an edge-length in this paper, for clarity.
A colouring of U is linear if and only if the colour of any edge (u i , u j ) depends only on the length of that edge. In such a case the colour of an edge of length l may be written c(l), or c(l, U ) where necessary to avoid ambiguity.
A colouring of U is cyclic if and only if (a) it is linear, and (b) c(l) = c(m − l) for all l such that 1 ≤ l ≤ m − 1.
A colouring of U is repeating in a colour s with period π if and only if (a) it is linear, and (b) c(l) = s implies c(l) = c(l + π) for all l such that 1 ≤ l ≤ m − 1 − π.
The clique number of graph U in colour s is the largest integer i such that U contains a subgraph which is a copy of K i in that colour.
A Ramsey graph U (k 1 , . . . , k r ; m), with all k s ≥ 2, is a complete graph of order m with a colouring such that for each colour s, where 1 ≤ s ≤ r, there exists no complete monochrome K t which is a subgraph of U in the colour s for any t ≥ k s . Equivalently, the clique number of U , in any colour s, is strictly less than k s . Such a graph U may conveniently be described as a (k 1 , . . ., k r ; m)-graph.
The Ramsey number R(k 1 , . . . , k r ) is the unique lowest integer m such that no U (k 1 , . . . , k r ; m) exists. When all the k i are equal, this may be written R r (k).
Generalised Linear Graph Construction
We shall set out general conditions for compounding two linear prototypes using a triangle-free template, or tf-template, in a relatively simple construction process, which includes that described in [4] as a special case.
We first define a suitable form for the template, which denotes a subset of the first prototype with specified properties. We go on to describe the construction and colouring of a graph W in terms of the sets of its edge-lengths, as derived from the prototypes. For each of the colours of the first prototype, we prove that the clique number of W , however large, does not exceed that of W , where W is derived from the graph W by truncating the distance sets. Then, for the second prototype, we prove that the clique-numbers of W are the same as for the prototype.
The construction is thus shown to give rise to a family of graphs of essentially unlimited size, the properties of which can be tested by searching only a limited subgraph, covering only a subset of their colours. We note that, once tested in this way, the first prototype can be re-used with any second prototype. The subset and the corresponding induced subgraph of U can be identified with each other without confusion. It should be clear that this definition makes Θ trianglefree.
First we consider linear Ramsey graphs U (k 1 , . . . , k q−1 , 3; m) and V (k q+1 , . . . , k q+r ; n). We make the assumption that U has a tf-template, as defined, which is the key to the proof as far as it relates to the colours of V . Note that the colour q is the initial colour of the template, which will be eliminated during the construction.
Theorem 3.2 (Generalised Construction Theorem)
Given linear Ramsey graphs U (k 1 , . . . , k q−1 , 3; m) and V (k q+1 , . . . , k q+r ; n), where U contains a tf-template Θ, it is possible to construct a compound linear Ramsey graph W of order (m − 1)(n − 1)
The graph is repeating with period m − 1 in each of the colours {1, 2, . . . , q − 1}. The colour q is eliminated. If the maximum clique number in U is Q, then the clique number of W in any of the remaining colours of U is no greater than the clique number of that colour in the subgraph of W induced by the first Q(m − 2) edge-lengths of W . Furthermore, the clique number of W in any of the colours of V is the same as that of V .
In intuitive terms, the theorem depends on a relatively simple construction process, building repeated copies of U , except that the colour of the template within each copy varies according to the colours of V . A partial copy of U , which cannot include any part of the template, is added as a final step.
Proof: We begin by considering the set of lengths of all the edges of U , which we call L, consisting of the integers { l | 1 ≤ l ≤ m − 1 }. We know that a linear colouring gives rise to a natural partition of that set into subsets L s containing the lengths of edges of each colour s. That is, for 1 ≤ s ≤ q :
It is a well-known result that such a linear graph U contains a copy of K ks in colour s if and only if there exists a subset of the set L s of order k s − 1 such that each of the members of the subset and all of their non-zero pairwise absolute differences are contained in L s . For if such a subset exists, one can construct a set of all the vertices u i ∈ U having index-numbers i in the subset. Taking the union of that set of vertices with u 0 gives us the vertices of a copy of K ks in U . The converse is essentially proved by reversing the process, having first selected (using linearity) a copy of K ks with a vertex set that includes u 0 .
This result provides the basis for our proof.
The construction builds new subsets L s of the edge-lengths of W .
For 1 ≤ s ≤ q − 1 , this proceeds as follows:
Then for 1 ≤ s ≤ r,
It is simple to verify that the new graph W is of the required order, is well-defined and linear; and that it is repeating with period m − 1 in all the colours of U except for q, which has been eliminated in the construction.
We wish to know if there is a subset of the edge-lengths of W that leads to a monochromatic copy of K ks in colour s, where 1 ≤ s ≤ q − 1. We aim to prove that if there is such a subset, then the edge-lengths contained in it must be less than a known bound. This knowledge will improve our ability to search for such copies by restricting the search space, based on the maximum value of k s , even though the order of W is effectively unlimited.
Assume now that there is such a subset, containing edge-lengths {h 1 , h 2 , . . . , h ks−1 }, and assume without loss of generality that these are strictly increasing.
We can see from the definition that if the edge-length h 1 is greater than m − 1 we can reduce all the edge-lengths by m − 1 without changing the colour of any edge-length, or any difference between any pair of edge-lengths. If any consecutive pair h i 1 , h i 2 of these edge-lengths has a difference greater than m − 1, we can reduce all the edgelengths from h i 2 upwards by m−1 without changing the colour of those edge-lengths, or any difference between any pair of edge-lengths. As a result of repeating these steps, we can ensure that h ks−1 does not exceed (k s − 1)(m − 1): and since we also know that the colour of an edge-length which is any multiple of (m − 1) in W is a colour derived from V , we can say that h ks−1 ≤ (k s − 1)(m − 2).
We have thus proved that when searching for potential copies of K ks in the colour s of U , it is not necessary to examine sets in W containing edge-lengths in excess of (k s − 1)(m − 2). So if Q = sup{k s − 1 | 1 ≤ s ≤ q − 1}, we have shown that the clique number of W in any of the colours of U is no greater than the clique number of that colour in the subgraph of W induced by the first Q.(m − 2) edge-lengths of W , as required.
We now consider the colours of V . Assume that for any s, there are two edge-lengths µ 1 and µ 2 in V , both of colour q + s. Assume that µ 1 < µ 2 , and that their difference is also of that colour. It follows directly from the definitions above that the edgelengths µ 1 (m − 1), µ 2 (m − 1) and (µ 2 − µ 1 )(m − 1) are all members of the subset L q+s . Thus if there is a triangle of that colour in V , there is a triangle of the same colour in L q+s , and hence the same for any larger K n .
It is slightly more complex to prove the converse. We assume there are two edgelengths in L q+s , l i = h i + (µ i − 1)(m − 1) for i = 1, 2, where 1 ≤ µ i ≤ n − 1 and 1 ≤ h i ≤ m − 1. Obviously they are both of colour q + s, and both µ i are of the same colour in V. We are interested in the possible colours of | l 2 − l 1 | in W .
Assume without loss of generality that h 1 ≤ h 2 . We note that, because the template Θ is triangle-free, the colour of h 2 − h 1 is not a colour of V .
If µ 2 ≥ µ 1 , then l 2 ≥ l 1 , and the colour of l 2 − l 1 is the same as the colour of h 2 − h 1 , so it is not a colour of V . Therefore l 2 − l 1 is not a member of L q+s .
Assume now that µ 2 < µ 1 . The difference l 1 − l 2 is now positive and equal (after some rearrangement) to ((µ 1 − µ 2 ) − 1)(m − 1) + ((m − 1) − (h 2 − h 1 )). It is clear that 1 ≤ h 2 − h 1 ≤ m − 2, and if c(l 1 − l 2 ) = q + s, it follows that the colour of (µ 1 − µ 2 ) in V must also be q + s. So if there is such a triangle in W , then there must be a triangle of the same colour in V , since it contains the edge-lengths µ 1 , µ 2 and their difference. Again, it follows easily that the same applies for any larger K n .
This completes the proof that the clique number of W in any colour of V is the same as the clique number of V in that colour, which proves the theorem.
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This very general result has also been of some practical use in improving lower bounds for some significant small multicolour Ramsey numbers. In addition it has improved our knowledge of the orders of many larger linear Ramsey graphs.
It has been observed that there many useful cases where the upper bound Q.(m− 2) is not tight, and also cases that can be found by simple searches where the clique number of W in any of the colours of U is the same as in U .
It is also observed that when the subgraph of U induced by the first φ edgelengths is cyclic; when the colours of the last (m − 1) − φ edge-lengths of U are also symmetrically arranged (by reflection); and when V is cyclic; then the constructed graph W is also cyclic. These conditions are illustrated pictorially by Figure 2 below.
Lastly, we note that if the prototype graph U is taken to have even order, say 2p, and the template is taken as the set {p, p + 1, p + 2, . . . , 2p − 1}, then the construction is identical to the construction in [4] and φ = p − 1.
New Lower Bounds for Several R r (k)
The method above has been used to construct a (6, 6, 6; 1105)-graph and a (5, 5, 5, 5; 3721)-graph. For the first construction, the graph U was taken as a very simple (6, 3; 12)-graph and for the second a closely related (5, 3; 10)-graph. The graph V was taken as the unique (6, 6; 101)-graph in the first case, and the (5, 5, 5; 414)graph derived by Exoo (see [5] ) in the second case. Each graph U has a tf-template as defined, and the constructed graphs have been verified completely, without relying on the theorem. These two values improve on the best lower bounds quoted in [3] .
The graphs U can be represented in the following manner, which shows the colour to which each edge-length is mapped. The templates in Figure 1 are in colour 2 (blue).
An intuitive picture of the compound colouring can be gained by illustrating the colours for each edge-length in a two dimensional table. Figure 2 shows the result of compounding the first template above with the unique (3, 4; 8)-graph, purely to show the pattern of the colours. The resulting (3, 4, 6 ; 82)-graph is useful as an edge-length = 1 2 3 4 5 6 7 8 9 10 11 (6,3; 12)-graph 1 1 1 1 2 1 2 2 2 1 2 (5,3; 10)-graph 1 1 1 2 1 2 2 1 2 Figure 1 : Graphs U used as first prototypes.
illustration of the patterns involved, but not remarkable in itself. The (6, 6, 6; 1105)graph mentioned above is also cyclic. Table 1 shows the derivation of several further results, using first prototypes with two or three colours. Note that the "&" symbol denotes the compounding described in this paper, and "*" denotes the construction in [4] .
Graph Order

Colours
Graph Comments Table 1 : Calculations of graph orders to support lower bounds for R r (k).
Updated Tables of Results
The Tables below update the results of the previous paper [4] , allowing for the inclusion of many new graphs constructed using the method mentioned above. They show the revised linear graph orders and growth factors (broadly representing the proportionate increase in graph order as a result of adding one extra colour). Numbers revised since the publication of [4] are shown in green or blue. Bold text indicates numbers exceeding those shown in the Radziszowski Dynamic Survey [3] . Orders above 10 million have been excluded.
All these graphs have been tested to the extent implied by the theorem, and in some cases fully, up to 3000 vertices or more.
The factors g r (k) in Table 3 are defined as (2m − 1) 1/r where m is the order of the relevant graph in Table 2 . Those highlighted in bold indicate effective lower bounds for the limiting growth rate of R r (k) as r increases: since lim r→∞ R r (k) 1/r ≥ g r (k) for all relevant r, k, as proved in [4] .
For brevity in what follows, we define Γ(k) = lim r→∞ R r (k) 1/r . Table 3 : Growth factors g r (k) calculated from the data in Table 2 .
In fact, the growth factors and the resulting limits can also be improved somewhat by the application of some simple algebra. For example, it can be shown that the sequence of increasing values for k = 6, and even r, leads into an infinite sequence of graphs whose growth factors converge to the square root of m − 1, where m is the order of the original first prototype (graph H in Table 1 An interesting special case depends on a formula mentioned in [1] -namely that R r (5) ≥ (R r (3) − 1) 2 + 1. Using the properties of linear graphs with k = 3, it follows that Γ(5) ≥ 10.717 . . . based on a series of linear 'squared' graphs with k = 5.
Some Conclusions
Constructive approaches to graph colouring based on compounding linear graphs have the favourable property that they restrict the need to search for occurrences of K n within the compound graph. There is a trade-off between this favourable property and the complexity of the prototypes that can be used in the compounding process.
The generalised construction above expands the range of prototypes that can be used in the compounding, at the cost of increasing the search requirements. Even so, the resulting graphs mentioned here can be tested in quite manageable times. Although there is an added need to search for suitable templates, it is useful in practice that prototypes with templates can be readily re-used.
Many values of R r (k), and the corresponding growth factors, can be improved using this construction. This paper contains a range of examples. This improvement arises because the previous construction cannot increase the growth factor beyond the maximum for its prototypes, since it produces a weighted mean of their factors: whereas the current construction gains an advantage by eliminating the template colour.
In many cases, improved limiting growth factors Γ(k) can also be derived as mentioned in section 5, by taking roots.
The most obvious exception to these improvements is the case of k = 4, where the current construction has not yet caused any improvement. It is conjectured that this may result from the criticality of the (4, 4; 17)-and (4, 4, 4; 127)-graphs, which seems to have inhibited the construction of large first prototypes with useful templates.
Finally, it is interesting to observe the improvement to the lower bound on R 3 (6) to 1106, and on R 3 (9) to 14034.
The previous value of 1070 on R 3 (6) was established by Mathon in [2] based on a cyclic graph. By contrast, the lower bounds on R 3 (k) in the Dynamic Survey were established using non-linear graphs for k > 6. Although the order of the new linear R 3 (9)-graph exceeds the previous lower bound, the existing bounds for k = 7, 8 remain above those achieved so far using linear constructions, and indeed the existence of the graph H(8, 8, 3) in Table 1 shows the existence of a graph with order 880, which (by 'quadrupling' twice in succession) shows that R 3 (9) ≥ 14081.
